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Lipschitzian Quantum Stochastic
Differential Inclusions

G. O. S. Ekhaguere'?

Received November 29, 1991

Quantum stochastic differential inclusions are introduced and studied within the
framework of the Hudson-Parthasarathy formulation of quantum stochastic cal-
culus. Results concerning the existence of solutions of a Lipschitzian quantum
stochastic differential inclusion and the relationship between the solutions of such
an inclusion and those of its convexification are presented. These generalize the
Filippov existence theorem and the Filippov-WaZewski relaxation theorem for
classical differential inclusions to the present noncommutative setting,

1. INTRODUCTION

There are interesting motivations (Hermes, 1970) for studying classical
differential inclusions. For an account of these and a review of some of the
important developments in the study of classical differential inclusions up
to 1984, see Aubin and Cellina (1984). In this paper, we introduce and
study quantum stochastic differential inclusions within the framework of the
Hudson and Parthasarathy (1984) formulation of quantum stochastic cal-
culus. Such inclusions occur in, for example, quantum stochastic control
theory and the theory of quantum stochastic differential equations with
discontinuous coefficients. We present results concerning the existence of
solutions of a Lipschitzian quantum stochastic differential inclusion and the
relationship between the solutions of such an inclusion and those of its
convexification.

The rest of the paper is organized as follows. In Section 2, some of the
concepts and structures which feature in the subsequent analysis are out-
lined. The stochastic processes discussed in the sequel are noncommutative;
these and the boson stochastic integrators employed in the Hudson and
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Parthasarathy (1984) stochastic calculus are introduced in Section 3. Our
formulation of quantum stochastic differential inclusions is presented in
Section 4. In Section 5, we define Lipschitzian muitifunctions and obtain a
relationship between such multifunctions and their convexifications. In Sec-
tion 6, equivalent forms of the stochastic differential inclusions introduced
in Section 4 are established. These equivalent forms are inclusions which are,
in general, different from classical differential inclusions. Section 7 contains a
list of some fundamental statements that are employed in the remaining two
sections. The main results of this paper are established in Sections 8 and 9.
In Section 8, the existence of solutions to Lipschitzian quantum stochastic
differential inclusions is established (Theorem 8.2). This result also repre-
sents a generalization of the Gronwall-Filippov inequality (Aubin and
Cellina, 1984) to the present noncommutative setting.: Finally, Section 9
contains a closure theorem (Theorem 9.1) which establishes a relationship
between the solutions of a Lipschitzian quantum stochastic differential inclu-
sion and those of its convexification.

2. FUNDAMENTAL CONCEPTS AND STRUCTURES

We begin by first outlining some of the concepts and structures which
are employed in the sequel.

To each pair (D, H) consisting of a pre-Hilbert space D and its comple-
tion H we associate the set Ly(D, H) of all linear maps x from D into H
with the property that the domain of the operator adjoint x* of x contains
D. The members of Ly(D, H) are densely-defined linear operators on H
which do not necessarily leave D invariant and L, (D, H) is a linear space
when equipped with the usual notions of addition and scalar multiplication.
We remark that Ly(D, H) may be additionally endowed with the structure
of a partial *-algebra in a natural way; for details of this, see Antoine and
Mathot (1987). .

To H also corresponds a Hilbert space T'(H), called the boson Fock
space determined by H. A natural dense subset of I'(H) consists of the linear
space generated by the set of exponential vectors (Guichardet, 1972) in I'(H)
of the form

(=S QS  feH

where ®°f=1 and ®"f is the n-fold tensor product of f with itself for
nx1.

In what follows, D is some pre-Hilbert space whose completion is R,
and Y is a fixed Hilbert space.
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We write LE(R,) (resp. L¥([0, £)); resp. Li([t, )), teR,) for the
Hilbert space of square integrable, Y-valued maps on R, =[0, o) (resp.
on [0, t); resp. on [f, 0) teR,).

The noncommutative stochastic processes discussed in the sequel are
densely-defined linear operators on RQI'(L3(R,)); the inner product of this
Hilbert space will be denoted by (-, - >.

For each t>0, the direct sum decomposition

LR =30, ) @ Li([1, )
induces a factorization ' ‘
T(LY(R4))=T(L% ([0 HNBT(LI([t, )

of Fock space.
Let E, E,, and [/, ¢>0, be the linear spaces generated by the exponentlal
vectors in :

T(LY(RY), TULA(0,1)), and T(Li(lt, c0))), >0
respectively. Then, we introduce the definitions

o =Ly(DRE, ROT(LI(R4)))
&/,—LW(ID®IE,,‘R®F(L (10, D)1
=1,QLy(E, TLY([t, ©)))), >0

where ® denotes the algebraic tensor product and 1, (resp. 1°) denotes the
identity map on RT(L3([0, 1)) [resp. T(LA([t, 00)))], £>0. It is evident
that the spaces </, and /', t>0, may be naturally identified with subspaces
of «. .

For n, £ DQE, define |- ||, ¢ by

xln.e= K7, X6, xe#’

Then {|- |l,.e, n, EeD®E} is a family of locally convex seminorms on &;
we write 7., for the locally convex topology on .o/ determined by this family.

In the sequel, &, o7,, and &' denote the completions of the locally
convex spaces (.sz«f Tw)y (Ao, Tw), (=, 'rw), t>0, respectlvely We remark
that the net {<,: teR.} is a filtration of <.

Hausdorff topology. If A is a topological space, then clos(4) [resp.
comp(4)] denotes the collection of all nonvoid closed (resp. compact) subsets
of A.

We shall employ the Hausdorﬁ" topology-on clos(). This is deﬁned as
follows.
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For xed, #, ¥ eclos(«), and 1, EcDQE, set
dye(x, /)= inf |x—yl.
yeN
One(M, N)= f:lg d,:(x, &)

and
Pre( M, N )=max(0, (M, N), Sy e(N, MA))

Then {p,¢( - ): n, e DQE} is a family of pseudometrics (Kelly; 1955) which
determines a Hausdorff topology on clos(«?) denoted in the sequel by 74.
If M eclos(sF), then ||.#||,. is defined by

M\ e = poe( A, {0})

for arbitrary 7, e DQE.
Similarly, for 4, Beclos(C) and xeC, the complex numbers, let

d(x, A)=inf [x—}y|
yeA

5(A4, B)=sup d(x, B)
xeAd

and

Then, p induces a metric topology on clos(C).
Sets: We employ the usual set-theoretic operations, such as

A+B={a+b:aeA and beB}
a+B={a+b:beB}

for sets A, B and a point a.

3. BOSON STOCHASTIC INTEGRATORS

Let ISR, . A stochastic process indexed by I is an .o/-valued map on I.

A stochastic process X is called adapted if X(t)e s, for each tel.

We write Ad(«#) for the set of all adapted stochastic processes indexed
by L

Definition. A member X of Ad(«#) is called (i) weakly absolutely con-
tinuous if the map 11— (0, X(1)&), tel, is absolutely continuous for arbitrary
n, £EeDQE; (ii) locally absolutely p-integrable if | X( )11 5.¢ is Lebesgue-meas-
urable and integrable on [0, f) =7 for each tel and arbitrary 1, £eDQE.
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Notation. We write Ad(H )wac [resp. Lix(#)] for the set of all weakly
absolutely continuous (resp. locally absolutely p-integrable) members of
Ad().

Stochastic integrators. Let L1o.(R+) [resp. Lz oc(R+)] be the linear
space of all measurable, locally bounded functions from Rs to Y [resp.
to B(Y), the Banach space of bounded endomorphisms of Y]. If
feLZie(R+) and m€Liiry1oc(R+), then 7f'is the member of Ly o(R+) given
by (zf)()= ﬂ(t)f(t), teR,.

ForfeLr(R+) and rreLBm 1oc(R+) , define the operators a(f), a*(/f),
and A () in LH(D, T(L3(R,))) as follows:

a(f)e(g)= <f, gonreg)
a'(fe(@)=— e(g+ of )le=o0

Mn)e(g)=fge<e"f)l,=o

geLi(R,).

These are the annihilation, creation, and gauge operators of quantum
field theory. For arbitrary fe LTi(R,) and me Ly 0c(R+), they give rise
to the operator-valued maps 4y, A7, and A, defined by

Ar()=a(fXo.n)
Af ()=a’(fxon)
A,;(l) =2 (ﬂ'X[o,,))
teR,, where y; denotes the indicator function of the Borel set IS R...
The maps Ay, A7, and A, are stochastic processes, called the annihila-
" tion, creation, and gauge processes, respectively, when their values are identi-
fied (as we do henceforth) with their amplifications on R@I'( L3(R.)). These
. are the stochastic integrators in the Hudson and Parthasarathy (1984) formu-
lation of boson quantum stochastic integration, which we adopt in the
sequel.
Accordingly, if p, q, u, ve L2 (H), f, g€ LT 1oc(R+), and
T eLB(T),loc(R+)
then we interpret the integral

J‘t P(s) dA () +q(s) dAy(s) +u(s) dA; (s)+v(s) ds, to, teRy (3.1)

as in Hudson and Parthasarathy (1984).
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4. STOCHASTIC DIFFERENTIAL INCLUSIONS

The rest of this paper will deal mainly with stochastic differential inclu-
sions involving multivalued stochastic processes.

Definition. 1. By a multivalued stochastic process indexed by ISR, we
mean a multifunction on 7 with values in clos().

2. If @ is a multivalued stochastic process indexed by IS R.., then a
selection of ® is a stochastic process X:I— .« with the property that
X(£)e®(t) for almost all tel.

3. A multivalued stochastic process ® will be called (1) adapted: if
®(1)c A, for each teRy; (ii) measurable if t+—dy ¢(x, O(1)) is measurable
for arbitrary xed, 7, EeDQE; (iii) locally absolutely p-integrable if
1= O] e, teRy, lies in Li(F) for arbitrary 7,6 DQE.

Notation. 1. The set of all locally absolutely p-integrable multivalued
stochastic processes will be denoted by L (o )m‘,s
2. For pe(O ©) and TSRy, Li(IXF)me is the set of maps
®@:Ix o —clos(s#) such that 11— ®(¢, X(1)), tel, lies in L, () my, for every
XeLk,c(.xz?)
. delf (Ix )mvs, then

L(®)={peL}(H): ¢ is a selection of D}

4. In the sequel, f, ge LY toc(R+), e Lgry0(R+), 1 is the identity map
on RAI'(LA(R,)), and M is any of the stochastic processes Ay, 4;, A., and
s—s51, seR;.

We introduce stochasttc integral (resp. di ﬁ”erentzal ) expressions as
follows.

- M ®eLL (I X )y and (1, X ) el x L!oc(w‘), then we make the definition

r

| f (s, X(5)) dM(S)E{J o(s) dM(s): (peLz((I))}

fo . . Y tg
This leads to the following notion.

Definition. Let E, F, G, He L (I X & )mvs and (fy, Xo) be a fixed point
of Ix 7. Then, a relation of the form

X(tyexo+ J” (E(s, X(5)) dA+ F(s, X(5)) dAf(s)

+ G(s, X(s5)) dA; (s)+ H(s, X(s)) ds), tel
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will be called a stochastic integral inclusion with coefficients E, F, G, and H
and initial data (ty, x,). As an abbreviation, we shall sometimes write the
foregoing inclusion as follows:

dX(HeE(t, X(£)) dA (1) + F(t, X(£)) dA(1)
+G(t, X(2)) dA; (1) + H(t, X(1)) dt (4.1a)
almost all tel,
’ X (t0)=x0 (4.1b)

and refer to this as a stochastic differential inclusion with coefficients E, F,
G, and H and initial data (ty, xo).

Definition. By a solution of (4.1), we mean a weakly absolutely continu-
ous stochastic process ge L.(s#) such that

do(t)e E(t, p(1)) dA (1) + F(t, o(1)) dA,(?)
+G(t, p(t)) dAZ () + H(t, (1)) dt
almost all tel,

o(to) =Xo

Remark. 1. We shall prove the existence of solutions to a stochastlc
differential inclusion with Lipschitzian coefficients.

2. If M is a subset of o, we write co .# for the closed convex hull of
A and if ®:1x o —clos(s£), we define co ®:1x . — clos(s#) by

(co ®)(¢, x)=co D(t, x), (t, x)elIx
3. Related to (4.1) is the following stochastic differential inclusion:
dX(t)eco E(t, X(1)) dA (1) +co F(t, X(1)) dAs(¢)
+co G(t, X (1)) dA; (£) +co H(t, X(r)) dt (4.22)
almost all rel,
X () =xo (4.2b)

4. Equivalent forms of (4.1) and (4.2) are established in Section 6 and
the relationship between the solutions of (4.1) and (4.2) is investigated in
Section 9.

5. Two instances where quantum stochastic dlfferentlal inclusions arise
are the following.

Quantum stochastic control theory In this theory, there is a preas-
signed compact subset ¥, called the space of admissible controls, of some
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topological space and one searches for solutions of the stochastic differential
equation:

dx(6)=p(t, X(1), c(1)) dA (1) + g(t, X(1©), (1)) dA,()
+u(t, X(0), c(1)) dAz () +q(t, X(1), c(£)) dt (4.3)
X(to) = xo

for almost all ref, where ¢:/— % and p, ¢, u, and v are maps from
Ix g x€— s suchthat p(-, Z(-), ¢(*)), (", Z(-), (- )), u(+, Z(-), e(-)),
and v(-, Z(-), ¢(-)) are adapted and lie in L} () for all ZeLL () and
ce®. If we introduce the multivalued stochastic processes E, F, G, H defined
by

E(t, x)={p(t, x, c): ce¥}
K, x)={4(t, x, c): ce¥}
G(t, x)={u(t, x, ¢): ce €}
H(t, x)={v(t, x, ¢): ce¥}

(t, x)eIx o, then (4.3) may be written formally as (4.1) and the problem
of the existence of solutions to (4.3) for all admissible controls is reduced to
the problem of the existence of solutions to (4.1) with these definitions of
E,F,G, H.

Regularization of stochastic differential equations. In this case, one
encounters stochastic differential equations of the form

dX(ty=p(X (1)) dA(1)+ q(X (1)) dAS(1) + u(X(2)) dAZ (1)
+q(X(1)) dt 4.9
X(to) = Xp

for almost all re1, where p, g, u, v are discontinuous maps from & — < such
that if Ze L}.(#), and p(Z(¢)), q(Z(1)), u(Z(f)), and v(Z(¢)) are defined for
almost all te’, then the maps p(Z(-)), ¢(Z-)), u(Z(-)), and o(Z(-)) are
adapted and lie in L2 (7). Such a stochastic differential equation is said to
be discontinuous. To discuss the problem of the existence of solutions to this
equation, one may introduce the minimal upper semicontinnous multi-
fanctions E, F, G, and H on & with convex values in clos(«#) whose graphs
(Aubin and Cellina, 1984) contain the graphs of p, ¢, #, and v, respectively.
Then, E(x)={p(x)}, F(x)={q(x)}, G(x)={u(x)}, and H(x)={v(x)} at
each point x of continuity of p, 4, 4, and v and one gets that any solution



Quantum Stochastic Differential Inclusions 2011
to (4.4) is a solution to the inclusion
dX () e E(X(0)) dA(£) + F(X(£)) dA;(£) + G(X(9)) dA4; (1)
+H(X (1)) dt 4.5)
X ( t, 0) =Xo

for almost all tel. Moreover, if ¢ is a solution of (4.5) and p, ¢, 4, and v
are continuous at ¢(¢) for almost all te/, then

de() =p(@(2)) dA+(0) + q(9(1)) dA (D) + u(p(1)) dA; (1) + v(@(D)) dt
X(to)=xo

for almost all r€7, i.e., ¢ is a solution of (4.4).

5. LIPSCHITZIAN MULTIFUNCTIONS

These are explained as follows.
Let A eclos(s#/) and T<R,.

Definition. A map ®:1x 4 — clos(«#) will be called Lipschitzian if for
each 1, £eD®E, there exists kpz:1— (0, 00) in Lio(/) such that

Pre@(1, x), ®(t, X)) <k LD x =yl ng

for all x, ye#" and almost all zel.
The functions {k7¢(-):n, £eDQE} will be called Lipschitz functions
for @; these are constants if ® does not depend explicitly on ¢.

Remark. 1. The notion of a Lipschitzian map from 7x 4" to clos(C) is
analogously formulated using the Hausdorfl metric p.

2. In the sequel, if @ is a map from Ix .4 into the set of multivalued
sesquilinear forms on DQ®E, i.e., if ® maps Ix A to 2°°9P®® where
sesq(D®E) is the linear space of sesquilinear forms on D®E, then for
(t, x)eIx &, the value of ®(t,x) at 7, EeD®E will be denoted by
®(t, x)(n, £). Such a map ® will be called Lipschitzian (resp. continuous)
if for arbitrary n, £eD®E the map (1, x)—®(¢, x)(n, &) from Ix A4 to 2©
is Lipschitzian (resp. continuous).

3. We shall sometimes employ the following result.

Proposition 5.1. Let
®: o/ — clos(7)
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[resp. Q — clos(C)] be a Lipschitzian map with Lipschitz constants
{kne:n, EeDRE}

[resp. {k%:: 7, £eD®E}]. Then, the map co @ (resp. co Q) is Lipschitzian
with the same Lipschitz constants.

Proof. Let ® be Lipschitzian. Let £>0 be arbitrary and suppose tel
and x, x'e /. Then, for yeco ®(x) there exist {y;} such that

Next, for each i, there exists y;e®(x) such that
ly = Yilln.e < pne(P(x), D(x)) + &

<g, Vn, £eD@E

y— Z Ay
i n.é

It follows that

“y—z Ayl <&+ szlf(yi—y,‘)
i & i

n, 7.8

<&+ E Apa (D), D)) + )

<2e+k7 X=X Iz

The result now follows by interchanging the roles of x and x'. A similar
proof holds for co Q. This concludes the proof. M

6. EQUIVALENT FORMS OF (4.1) AND (4.2)

Unless otherwise stated, E, F, G, and He LE (I X & )mvs and (2o, Xo) is
some fixed point of I'x 7.

To establish equivalent forms of (4.1) and (4.2), we take Theorems 4.1
and 4.4 of Hudson and Parthasarthy (1984), which describe the matrix
elements of the quantum stochastic integral (3.1), as our point of departure.

For 1, £eDQE, with n=c®e(a) and £=d®e(p), define p.p, vp,
a,:1—-C by

Hap(D)=<a(), 1(OB(1))x
vp()=<S(D), B(O)>x
oa()=<a(t), g())x

tel. To these functions, we associate the maps pE, vF, oG, P, and
co P from Ix &/ into the set of multivalued sesquilinear forms on D®E
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defined by
(HE)(t, x)(11, £)={{n, pap(Dp(t, )E>: p(t, X) € E(t, x)}
(VF)(t, x)(n, £) = {<n, va(D)q(t, x)&>: q(t, x)eF(1, x)}
(aG)(t, x)(n, &)= {{n, ou(Oult, )& u(t, x)€F(t, x)}
P(t, x)(n, &)= (UE)1, x)(n, &) +H(VF)(1, x)(1, §)
+(cG)(t, x)(n, &)+ H(t, x)(n, &)
(co P)(t, x)(n, £)=closed convex hull of P(z, x)(1, £)
1, EeD®E, (¢, x)eIx o, where
H(t, x)(n, &)= {v(t, x)(n, &): v(, X(+))
is a selection of H(-,X(-)) VXeLi(H)}

1, £eDQE, (1, x)el X .
The map P will play a fundamental role in the subsequent discussion.
The following properties of P will be employed.

Proposition 6.1. Let E, F, G, H lie in L, (I X )pys. Then:

(i) For arbitrary n, {eD®E and X eLl(F), every selection of the
map t+ P(1, X(1))(n, &) lies in Li,.(I).

(ii) The map P is (a) Lipschitzian whenever F, F, G, H are Lipschitzian;
(b) continuous whenever uE, vF, oG, H are continuous.

Proof. (i) This follows from Hudson and Parthasarathy (1984),
Theorems 4.1 and 4.4.

(ii) Let n, £eDRE, with n=c®e(a) and £=dRe(f).

(a) This is a consequence of the following, easily derived inequality:

p(P(t, x)(n, &), P(1, y)(n, §))
<Iuap(Dlpn(E(1, x), E(1, y))
+ V(D) (F(1, x), K1, )
T1oa(Dlpne(G(1, X), G(t, p)) + pr(H(1, x), H(2, y))
(b) This is a consequence of the following, easily derived inequality:
p(P(t, x)(n, &), P(s, y)(n, £))
<p((HE)(1, x)(1, 5), (LE)(s, )(1, §))

+p((vF)(t, x)(n, £), (VF)(s, »)(1, £))
+p((cG)(t, x)(1, ), (6G)(s, ¥)(n, §))
+p(H(t, x)(n, €), H(s, y)(n, £))

(6.1)
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This concludes the proof. W

Remark. 1. If P is Lipschitzian, then its Lipschitz functions will be
denoted by {kF.(-): n,éelD@lE}

2. The next result gives the equivalent forms of (4.1) and (4.2) alluded
to above. ’

Theorem 6.2. Let E, F, G, He Lio(I X 4 )mys. Then:
(i) Problem (4.1) is equivalent to the following:

d
7 n, X(OEeP(t, X(D)(1, &),  X(t) =X (6.2a),

for arbitrary 1, e DQE, almost all zel.
(ii) Problem (4.2) is equivalent to the following:

5; (n, X(5>e(co PY(1, X(N)(n, 8),  X(t)=xo  (6.2b)r

for arbitrary n, e DQE, almost all zel.

Proof. (i) If (4.2) holds, then there are p, g, u, and v in L,(E(-, X(-))),
Ly(F(-,X(*))), LAG(-,X("))), and L,(H(-,X(-))), respectively, such
that (3.1) holds. It then follows from Hudson and Parthasarathy (1984),
Theorems 4.1 and 4.4, that (6.2a) holds. Conversely, given (6.2b)p, there
exists Z(t)(n, &) in P(t, X(1))(n, £) such that

d
% n, X(OHE=Z()(n, &)

17, £eDEE. As n, EeDQE are arbitrary, Z(£)(n, §) has the form

Z(n)(n, Ey=<{n, Z(N&>

where Z(f) has a representation of the type (3.1) for some p, ¢, #, and v
in Ly(E(-,X(-))), LaAF(-,X(+))), LAG(-,X(-))), and Ly(H(-,X(-))),
respectively. Hence, (4.1) holds.

(ii) By (i), it follows that (4.2) is equivalent to an inclusion of the form
(6.2a)p, with E, F, G, and H replaced with co E, co F, co G, and co H,
respectively. Denoting the right-hand side of (6.2a), with these replacements
by P(t, X(H))(n, &), we need only show that

P(t, X(0)(n, £) = (co P)(z, X(0)(n, &)

1, £eDQE. Since for arbitrary 7, SeD®E the map x—{n, x£), is linear
and continuous from <7 to C, and P°°(t, X(£))(1, &) is the image of the
right-hand side of (4.2) under this map, it follows that P*°(¢, X(£))(n, &) is
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closed and convex, and coincides with (co P)(¢, X(£))(n, &) for arbitrary
1, £ D®E. This concludes the proof. W

Remark. Notice that since, in general,

P(t, x)(1, &) # P(t, <n, x&D)

and

(co P)(t, x)(n, &) # (co P)(t, {n, x&))
1, £eD®E, (1, x)eIx o, where P is some clos(C)-valued map on I'x C, it

follows that the inclusions (6.2a), and (6.2b), are, in general, not of the
classical types described in Aubin and Cellina (1984).

7. SOME FUNDAMENTAL STATEMENTS

In connection with the subsequent results, we list the following
statements.

(S1) Y:I- o is a weakly absolutely continuous adapted stochastic pro-
cess with the property that for each 77, £eD®E and almost all f&/, there is
a positive number p, (¢) such that -

d(% <n, Y(9E>, P(t, Y(1)(1, 5))Spn,c(t)

(S2) >0 is an arbitrary but fixed number and Qy,, is the set

Ov,={(t, )eIx d: |x—Y()a:<y V1, EeDRQE}
(S3) Each of the maps E,F,G,H is Lipschitzian from Qy, to

(clos(), tx).
(S4) For each n, £eDQE,

One=lx0— Y(to) Il n.g
(Ss) Suppose

0,57, Vn, £eDE
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(Se) For arbitrary n, £eD®E and tel,

B, (t)=0n,€xp U‘ ds kﬁ,’,g(s)] + j ds py.£(s) exp [J dr kf,’,é(r)]

to 5

(S7) J is the subset of I defined by
J={tel: B, () <y V1, EeDRE}

8. EXISTENCE OF SOLUTIONS TO (4.1)

We consider the problem of the existence of solutions to (4.1).
In the sequel,

My ()= J ds k¥ ¢(s), n, EeDE, tel

4]

where {k©;: 1, £ D®E} denotes the set of Lipschitz functions for P.

Proposition8.1. Let {®;}{2 be a sequence of weakly absolutely continu-
ous maps from I to &/ which satisfy: ‘

(i) (1, ®(D)eQy., i=1, for almost all 1€J.

(i) There exists a sequence { ¥} ® o< Liw(#) such that (a)

t
(I):(t)'—'xo""J ds Vi-1(s), izl

o

and (b)

d
,—d—t <’7, (Dt(t)§> - <77, (Di— l(”é)‘

5n,¢(mq,g(t))i_2+j'ds [m,,,g(t)—m,,,g(s)]"‘2

(i-2)! (i-2)! P "'5(5)}

Skﬁdﬂ{

=bngi-21)
for almost all zeJ. Then (c)
10— Dic s (D e <bnei1(t),  i22, te]
Proof. Let (i) and (ii) hold. Then
D) — Bi-1 (D]l .
Jl ds {n, [Vio1(s) = Vi-2()1E>)  [by (i)(2)]

o
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= U ds {dﬁ {n, @L()ED -4 <, (Di—l(s)§>}’ [by (ii)(a)]
to § ds

SJ ds
fo

< f dsbozials)  [by (HO)]

t

d d
1 DA =, <I>,~-.(s)5>'

=bpei-1(), 22, teJ
This concludes the proof. W

Remark. The following is a result concerning the existence of solutions
to (4.1). It also furnishes a generalization of the classical Gronwall inequality
(Walter, 1964).

Theorem 8.2. Suppose that ~(S|)—(S7) hold and E, F, G, and H are
continuous from I x & to (clos(s#), t5). Then, there exists a solution ® of
(4.1) such that

@) — Y(O)l e <Ene(2), teJ (8.1a)

and
d d P e
i <, ©(HE> 7 n, Y5 | <k e(DEne() +pre()  (8.1b)

for almost all teJ, n, (e DRE.

Proof. The proof (as well as that of Theorem 9.1) is an adaptation of
the arguments employed in Aubin and Cellina (1984), Theorem 2.4.1, and
will be accomplished by constructing a 7,-Cauchy sequence {®,(¢)},0 of
successive approximations of @ with the property that the sequence
{(d/dt){n, ®()&)}n=o is also Cauchy in C for arbitrary n, e DQE.

In what follows, let 1, £e D®E be arbitrary. T

First, - observe that by (S,), (d/dt){n, Y(£)&> is not necessarily in
P(t, Y(1))(n, &), tel.

Define @, to be Y. Then @, is adapted.

By Aubin and Cellina (1984), Theorem 1.14.2, there is a measurable
selection Vo(- (71, E)YeP(-, ®o(-))(n, £) such that

VO, )= <n, oD

=d<§; {1, DoDED, P(1, Do) (1, 5)) almost all  teJ
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By (S;), the right-hand side is majorized by p,e(f). As the map
(n, &) Vo(D)(n, &) is a sesquilinear form on D®E for almost all teJ, there
is Vo(f)es# such that

Vo(D)(n, &) =<{n, Vo(D)E>

for arbitrary 1, £eD®E and almost all teJ. Since Vo(-)(n, &) is locally
absolutely integrable, Vo€ Lio( ).
Now define @, by

t .
Q;(t)=xg+j ds VQ(S), teJ

to

As Vo(t)es? for almost all reJ, it follows that ®\(1) e, i.c., @; is adapted.
Furthermore, for teJ,

11 () = Po(B) | n.e < || X0~ @(t0) 1.

H
+j ds
K

0

Vo(s)(m. &) —% {7, Do()ED

t
< 5,,,5 + f ds pn’g(S)

fo

by (S,) and (S4).

Indeed, there exists a sequence {®;};o of weakly absolutely continuous
maps from I to o/ satisfying (i) and (ii) of Proposition (8.1), and hence its
assertion.

To prove this claim, assume that {®}o<i<n has already been defined
and satisfies (i) and (ii) of Proposition (8.1). It will be demonstrated that
we can find a map ®,+,:J - for which (i) and (ii) of Proposition (8.1)
also hold.

By Aubin and Cellina (1984), Theorem 1.14.2, there exists

Vn( )(TI, g)EP( ’ d)n( ))(71, 5) such that

|<71, (Dn(t)€> - Vn(t)(n’ 5)‘

d
=d(z <n’ (D"(t)é>’ P(t9 ‘Dn(t))(ﬂ, g)), a.c. on J

As (1,8)—Vu()(n,£) is a sesquilinear form on DQ®E for almost all
teJ, there is V,eLk() such that V,(6)(n, §)={(n, V.()E), ae. on J.
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Define ®,., by

3
<Dn+|(t)=Xo+f ds Vi(s), teJ

fo

Then,
d d
o (N, @ps1()E) I <n, fDn(t)é‘)l

=K1, Va(OEY =<0, Vo r(DE)]
< P(1, @u(1))(7, §), P(t, By ())(1, £)
<k7{(OIPu(8) = Dy (D]l e

<k b e(Obyn-1(£) (8.1c)

which proves (ii)(b) of Proposition 8.1.
Moreover, for teJ,
"(Dn+l(t)—q)0(t)"rp,§
SN = Po(Dll et - -+ [Pt 1 () = Pu(D .
<Y bpex(t)
k=0
<Ep(D<y (8.1d)
This proves (ii)(c) of Proposition 8.1.
It follows from Proposition 8.1(ii)(c) that {®,(#)} is Tw-Cauchy and
converges uniformly to some ®(f). Also, from Proposition 8.1(ii)(b),
we infer that for almost all teJ, the sequence {V,(f)}n»0 is Tw-Cauchy,

whence {V,}.=0 converges pointwise a.e. on J to a map VeLi.().
From Proposition 8.1(ii)(a),

4
(Di+l(t)=x0+J ds V(s), i=0

LY

Hence,

t
() =xo+f ds V{(s), teJ
fo

As P(-,-)(n, &) is continuous and has closed values, its graph is closed.
Hence, as {1, V{(s)E>eP(s, ®(s))(n,&E) ae. on J, it follows that
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{(n, V(5)E>eP(s, ®(s))(n, £) a.e. on J, whence

;‘;—<n, OE)EYeP(s, OE)(n, ),  ac.onJ

Finally, the inequalities (8.1a) and (8.1b) follow from (8.1d) and (8.1c),
respectively.
This concludes the proof. W

Remark. 1. The map Y which features in Theorem 8.2 will be called a
quasisolution of (4.1), as it is not in general a solution of (4.1).

2. We recall from Notation in Section 3 that Ad(s#)y.. is the set of all
weakly absolutely continuous adapted stochastic processes.

On Ad(s#)w.. We place the locally convex topology 7
ing family {|-|,.z:n, £eD®E} of seminorms is defined by

T
d
Pln.e= ||¢(to)|ln,¢+f ds - <1, 9()8)
o
where I is assumed henceforth to be of the form I=[t, , T1. We write wac(s7)
for the completion of the locally convex space (Ad(.o/)yac, Twac)-

The family {|-|,,¢: n, e D®E} induces a Hausdorff topology 7 on
2% in a manner similar to that described in Section 2. Denoting the
family of pseudometrics which generate this topology by

{png:n,eDOE}
we introduce the notion of a Lipschitzian map from s into
. Section 5. . N

3. Let 3 be the map from & into 2™**) defined by

I(x) = { pewac(#): ¢ is a solution of (4.1) satisfying @(t) = x}
The1~i 3 associates to xes? the set of solutions of (4.1) which start from
" xes/ at the initial point fel. . ,

- Suppose now that (x;,x)ed/ xof with |x;—x,/l,:<8,.:<6,
Vn, EeDQEL. Then it follows from Theorem 8.2 that if ¢; and @, are two
solutions of (4.1) such that ¢,(%)=x, and @(fo) = x>, we have

(@1 = @alne = 91 (te) — ¢x(t0) 1 n.¢

T
+J ds LA
to d

whose generat-

2% ag in

s S Lens) = %(S)]é)l

T
<fx —szIn,g+kf,’,¢ J ds B ¢(s)

1
< 11 = Xalln,z explk 7.e(T— )]
n, (e DRE. This leads to the followmg result.
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Theorem 8.3. The map I from & into 2°*°® js Lipschitzian with
Lipschitz constants {exp[k1:(T—1t)]: n, EeDQE}. M

9. A CLOSURE THEOREM

In what follows, T is some fixed positive number and I=[f, T].
Furthermore, for any xe &/ and y >0, introduce

O y={xed: |x—xollne<y V1, e DQE}

In this section, E, F, G, and H are maps from & to clos(.s) such that
E(X(+)), FX(+)), G(X(-)), and H(X(-)) lie in LE() for all
XeLi ().

We investigate the relationship between the solutions of the stochastic
differential inclusions:

dX (1) e E(X(0)) dA(2) + F(X(1)) dA(?)

+G(X (1)) dAF () + H(X(¢t)) dt (9.1a)

almost all tel,
X(t)=x0 (9.1b)

and
dX(t)eco E(X () dA () +co F(X(£)) dA(1)

+co G(X(#)) dAS (1) +co H(X(£)) dt (9.2a)

almost all te/,
X(to) =0 (9.2b)

The following result is a generalization of the Filippov- WaZewski relaxa-
tion theorem (Aubin and Cellina, 1984, Theorem 2.4.2) (Filippov, 1967,
1971; WaZewski, 1962) for classical differential inclusions.

Theorem 9.1. Let y be a positive number, x, some fixed point in 7,
and E, F, G, H be Lipschitzian and continuous from Q,, , to (comp(#), tu).
Then, for every &> 0 and every solution ¥ of (9.2) such that W(¢) lies in the
interior of Q.,, for tel, there exists a solution ® of (9.1) such that
R~ ¥Y(D)ll,:<eVn, EcDRE, tel.
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Proof. By Theorem 8.2, we need only demonstrate the existence of a
quasisolution Y of (9.2) on I such that
W) — YOy e<e/2 ae on/
Y(0)=xo

and

d(% (n, Y&, P(Y(H)(n, é))s gkne{2fexp kg (T— 1)) — 11}

For, by setting 6, ,=0 and
Prg=¢kc{2lexp ke (T—15) 1]}

it then follows from Theorem 8.2 that there exists a solution ® of (9.1) such
that

IO~ Y(O,e<e/2 on  In(domain of @)
whence
W@ - O, e<e ae. on/J

We proceed to construct Y with the alleged properties.
Define

5 E[M_(f— DIT-t) |, JT- zo)]
2n 2n

This gives a partition {I;}1 <;<2. of I into intervals of length (7'—t,)/(2n).
Denote p(P(Qr.r)(1 £), {0}) by | Plnz. 1, EeDQE. Then | Pll,e
is finite for each 7, e D®E since P(Qy, ;) is compact (P is defined as in
Section 6).
By Proposition 5.1, the map co P is Lipschitzian whenever P is such
and has the same Lipschitz constants k} ¢ as P. As

p(P(¥())(n, £), P(¥()))(n, §) <k eI¥(D) —F¥(S)llne

and

<, [P(O)—¥ ()15 EJ dr P(¥(r))(n, &)
whence

IO =¥ g <l Plae J dr= || Pllyglt—sl

tAS
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it follows that

P(PCY D)1, &), P¥G))(11, E) < Pllpekrnelt—sl, s, 1€l
Hence, for tel;, the set (co PY(W(£))(n,&) is contained in an
(I Pl ¢k} (T — to) /(21))-neighborhood of (co P)(¥(¢;))(1, €). In particu-
lar, (d/df){n, ¥(£)&) belongs to this neighborhood for almost all te; since
¥ is a solution of (9.2).

Let {/,::n, £cD®E} be positive numbers (which will be explicitly
specified below) and fix jin {1,..., 2n}. For n, £eDQE, let
{Skncti<e<n;
be a finite Borel partition of | J {(co P)(¥(D))(n, £): tel;} satisfying
sup{lhi— A Ay, €Sk et <lye YE=1,2,...,N; (9.3)
and define E; by

d
Ekz{teEO), Y(HE>eSk e, v, §€D@[E}

Let 34(n, &) be some point in Sy ,:. Then,

4(84(n, &), (co PY(¥(1))(1, E)) < Plly, sk 0o T 10)/(2m)

and there are finitely many points Yz, (n, £)e(co PY(W(#))(n, &) as well as
;>0 satisfying 3, a,;=1 such that

<||Pllackne/n (9.4)

(0, &)~} arsYedn, &)
!

As (n, &) 3,¢ and (1, §) > Yidn, &) are sesquilinear on D®E, there are

3y and Y, in &/ such that

Sx(n, £)=<n, &>

and

, Yidn, &)=<n, Yiil>
Then, by (9.3) the simple operator

A[j
3C)= % Suxal)

k
satisfies

d
<, 88— <, ¥ |<le  ae onl

and
d(<n1, 9iE, (co PYCY())(, £)) < || Pl 5 o(T—t0)/(2n)
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Now the set E, may be partitioned into measurable subsets E; such
that |Ey| = ax)El, where |D} denotes the Lebesgue measure of D; for how to
do this, see Aubin and Cellina (1984), Theorem 2.4.2.

Next, introduce the map ¥:7— .7 as the simple map such that
¥z, = Yi is given by

Yi()=} Yexpa(t)
I
Then, define Y:7— & by

Y(1) =x0+J‘ ds ¥(s)

0

We shall show that for » sufficiently large, Y is a quasisolution that approxi-
mates . To this end, observe that

d
2; <TI, Y(t)€>EP(on,7)(T’9 5) ae. onl

showing that Y is Lipschitzian with the same Lipschitz constants || P||, .
as P,

By taking » sufficiently large, it suffices to approximate ¥ at the nodal
points {¢}71.

Set

cpe=min{l, (2kqelexp k7 (T—1)—1])7"}
Since te/ implies ¢ lies in some [; and
HY(@O) =¥ @Ol <1 Y() =¥ (@ ne H I YO — Y(5) e
k4GRS {(O] PY:
then as
1@ =¥ (@) ne < Pllelt — ) < || Phlo.o(T— 10}/ (21)
and
1Y) = Y(e) o < Wl Pllne(T—10)/(21)

in order to secure the estimate

1Y) =¥ ns<cnze/3
it suffices to have both

1Y(;) —¥(D))| ne<cneE/6
and

1/n<(cy.:€)/16] Pll.e(T— )] 9.5
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This defines a lower bound for n. We establish two other lower bounds for
n as follows.
Using

f ds 3(s)=Y |Ex|9
5 k
and

f ds ¥(5)=Y | ds Yuxss)=Y |EdaxYu
5 kil

k1 I
it follows that

J ds [¥(s)~ 9(s)]
P

SY B [|8%—Y @Y
x 7

né /84

S% \Ed(Il Pllackne)/n by (94)]

<IGICHP) ok f0)/m
If ¢, is a point of subdivision, then

Y(t,) - f ds 8(s)

H’ds[?(s)—su)]

e n7.¢

=% f ds [¥(s) - 9(s)]
[i TI,§
<UT-1)ll Plli,gkf,',gl/n
and also
1
¥(z,)— J ds 8(s) <l (T—1to)
o s
Therefore, we may ensure that
1 ¥(e,) =¥ () n.e<Cne/6
by requiring that
(T— 1)1 Pll ckne/n<cqee/12 (9.6)

thereby obtaining a second lower bound for n, and choosing
lnyg = C,,,gS/lZ( T to)

As (d/dt)(n, Y()&) lies in P(W¥())(n, &) whenever the derivative
exists, we get

d(ﬂ% <n, Y(0)5), P(Y(D))(n, & )) < Pllnck n.e(T—t0)/(2n)
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and
p(P(¥(1)(n, £)), P(Y()(n, &)
<k} ¥ - Y(t)|1,,5<k £Cn e8/6 <k} ccneE/2

Hence

d(f£ (n, YOE, YD), é))

<k? scps8/2+ (T—to)|| Pllnck ne/2n
<k?h e{d explkh (T—to)] =1} + (T~ to) | Pl zk 7.e/2n
So, by choosing  large enough so as to satisfy (9.4), (9.6), and the constraint
(T~ )| Plne/2n < {4 explkp(T—t6)] — 1}~
we ensure that
[ Y(O) —F (D)4 e<e/2 for a.e. tel

and

( <, Y(t)€>,P(Y(t))(11,5))<k5;€{lexp[k AT 10)] -1}

This concludes the proof. W

Remark. A member X of Ad(+¥) is called continuous if the map ¢ — X (1)
of I=[ty, T} to A is continuous. Denote the set of all the continuous mem-
bers of Ad(#) by Ad(#)con. We may supply Ad()con With the locally
convex topology Teon whose family {||* llcon;n,z : 7, € D®E} of seminorms
is defined by

"X"con;mé = sup "X(t) " ng
telre, 7]

1, £eDQE. Then, Theorem (9.1) may be rephrased as follows:

Theorem 9.2. The set of solutions to (9.1) is Tcmn-dense in the set of
solutions to (9.2).

Thus, Theorem (9.1) is a closure or density theorem.

ACKNOWLEDGMENTS

I am grateful to Prof. Abdus Salam for appointing me an Associate of
the International Centre for Theoretical Physics, Trieste, Italy, and to the



Quantum Stochastic Differential Inclusions 2027

Swedish Agency for Research and Economic Cooperation for providing the
funds to support my appointment. Finally, I thank Dr. Giovanni Colombo
and Prof. Arrigo Cellina, both of the Scuola Internazionale Superiore di
Studi Avanzati, Trieste, Italy, for giving me generous access to their research
papers/literature and for their interest in this work.

REFERENCES

Antoine, J.-P., and Mathot, F. (1987). Annales Institut Henri Poincaré, 46, 299-324.

Aubin, J.-P., and Cellina, A. (1984). Differential Inclusions, Springer-Verlag, Berlin.

Filippov, A. F. (1967). SIAM Journal of Control, 5, 609-621.

Filippov, A. F. (1971). Matematicheskie Zametki, 10, 307-313.

Guichardet, A. (1972). Symmetric Hilbert Spaces and Related Topics, Springer-Verlag, Berlin.

Hermes, H. (1970). Advances in Mathematics, 4, 149-169.

Hudson, R. L., and Parthasarathy, K. R. (1984). Communications in Mathematical Physics, 93,
301-324.

Kelly, J. L. (1955). General Topology, van Nostrand.

Walter, W. (1964). Differential- und Integral-Ungleichungen und ihre Anwendung bei Abschiitz-
ungs- und Eindeutigkeitsproblemen, Springer-Verlag, Berlin.

Wazewski, T. (1962). Bulletin Academic Polonaise des Sciences, 10, 11-15.



